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NOTATION

The Following Notation is used in this Report:

m = Water equivalent of 1 cm of probe.

a = The radius of the probe.

K = Thermal conductivity of the sediment.
k = Thermal diffusivity of the sediment.
p = Density of the sediment.

c = The specific heat of the sediment.

t = Time. |

The theoretical formulae may be expressed in terms of the two dimensionless

parameters.
2

e’ = 27 a pc/m
2

T = kt/a
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ABSTRACT

An investigation is made into the accuracy of two asymptoctic approxi-
mations of the temperature-versus-time curves of a cylindrical probe designed
to determine the thermal gradient and thermal conductivity of dee sea sedi-

ments. The error resulting from the use of a finite-length probe is discussed.

ii.
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INTRODUCTION

The analysis of a cylindrical heat source in an infinite medium is used in deter-
mining the temperature gradient and the thermal conductivity of ocean bottom sedi-
ments. To determine the temperature gradient from a probe that has been forced into
the sediments, it is necessary to extrapolate the observed temperature differences to
obtain the temperature at equilibrium. The theoretical curve, F (e, ) (Bullard, 1954;
Jaeger, 1956), decreases rapidly at first with increasing t, approaching zero as
(m/4 w Kt). For small probes this asymptote is an adequate expression of the curve.
For larger probes, however, either the earlier portion of the cruve is required or
the instrument has to be left in for an excessively long time. The approximation given
by Blackwell (1954) can be used for smaller values of t, but this is inadequate for probés
of radius greater than 1 cm.

In determining the thermal conductivity, the function G(e, T ) is used (Jaeger,
1956). For large values of t the temperature, say 0, versus log time (In t) for a
cylindrical heater approaches a linear asymptote with slope equal to (Q/4 7 K), where
Q is the heat input. This asymptotic result is sufficient for probes of small diameter
such as the "needle probe" (Von Herzen and Maxwell, 1959). In many cases with
probes of larger diameter the earlier portion of the curve is required. A number of
reduction methods (Blackwell, 1954; Jaeger, 1958) have been proposed, but they all
require claculation of theoretical curves for a range of values of the various parameters.
Jaeger (1956) calculated a few theoretical curves and more recently Sass (1965) has
tabulated G («, T ) for almost all useful values of o and T. |

The two functions F (o, ) and G(o, T ) are most conveniently defined in terms
of integrals involving Bessel funq-tion of the first and second kind and are somewhat
tedious to evaluate. Hence it is useful to know when the approximations of Blackwell

1
and the asymptotes can be applied. This report represents tables of: (a) F (o, 1)

We use the word asymptote to designate the first term in an asymptotic ex-

pansion.
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its '}'31ackwe11 approximation and asymptotic, (m/4 wKt); (b) G(« , 7)) its Blackwell

approximation and asymptote (1/4 7 ) 1oge (2.2467), for various values of e and 7 .
EVALUATION OF G(a,t )AND F(a, 1)

The theory behind F (o, v ) and G(«a, 7)) is given by Jaeger (1956). F (o, 7)

is defined by:

.

exp (—sz) dx
2

w XAX

- 4
F(G”T)Z—g—

where

A X)) = [x]o x) - a]l (x) ]2 + [XYO (x) - cz/Y1 (x) ]2

For large values of T Blackwell (1954)

1 1 (a - 2)

F(a,T) ~ - - (log 2.2467 - 1)
2 2
20T 4o 4o 1-2 ¢
and the asymptote is:
1
F (Q‘ > T ) ~ 9 ot

Equation (1), and subsequent integrals, were evaluated using the Gaussian Legandre
quadrature subroutine UCSD GLQUAD and the CDC 3600 computer at the University
of California, San Diego. The Bessel functions are most efficiently evaluated by
using the economized polynomials presented by Olver (1965).

G(a, T ) is defined by:
@
2 2
G(O,,T)=2°‘ Jl—exp(—'rx)z
3 3
m x A ) .

(1)

)

3)

(4)

)
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For large values of 7,

1 1 (a-2)
AU — 3 B 5 all @ . 4
G(a,T) ype 1og62 246Tr2_r + 2 1og6226

and the asymptote is

1
G(Q/, T) ~ z;‘ 1Og62.246-r

For the numerical evaluation, equation (5) was written as:

1 1
2a2 [1 - exp (—sz)] dx " . [1 - exp (-T/yz) ]dy
; SN Ay

G(a,T1)=

TABLES

F (o, 7)and G (o, v ), their Blackwell approximations and asymptotes for
various values of @ and v are presented in Tables I through V.

The tables indicate that: The Blackwell approximations for F (o, 7 ) is within
1% of the exact value when T is larger than 8; the Blackwell approximation for G (o, T)
is within 1% of the exact value when 1 is larger than 4; when T is 20, the asymptote to
F (o, v ) is 4% larger than the exact value while the asymptote to G (o, T ) is within
1% of the exact value. Thus, the Blackwell approximations are significantly better
than the asymptotes and can be used with confidence for both F (e, v )and G (o, 1)

for v larger than 8.
THE END EFFECT

During the past two years the transient method of Von Herzen and Maxwell

(1959) has bee adapted to measure the in situ thermal conductivity of ocean floor sedi-

ments. In order to make the in situ probes sturdy enough to stand up to heave duty

(6)
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at s'ea, it is desirable that the ratio of diameter-to-length be as large as possible. -
The theoretical results, however, assume the probe to be of infinite extent. To
determine the maximum probe aialneter of a given length, which will give readings
comparable with the theoretical calculations, it is necessary to know (a) the heat lost
by the end, and (b) the time it takes for this effect to travel the 1¢ngth of the probe.

In steady state conditioné with constant heat output Q, the effect of the heat loss
through the air is given approximately by a/2 £, where a is the radius and { is the
heater length. For this to be less than one percent, the length should be at least
twenty -five times the diameter.

The above figure has been determined assuming a constant rate of heat production
and equilibrium conditions. In the actual measurement, the temperature increase
of the thermister at the center of the probe is measured only over a short period
immediately after the heater current is turned on. Hence, if the distance of the
thermistor from the end is long enough, the thermistor will not be effected by the
end during the time of measurement. Although the problem has not been investigated
in detail, dimensional arguments lead one to conjecture that the time for longitudinal
condition along the probe is of the order of (Ql)z/kl, where 21 is the distance of the
thermistor from the end and kl is the thermal diffusionary of the probe. For a probe
of steel (kl =0.13 cmz/sec), this time for a 10 cm length is approximately 10 minutes;
for a 5 cm length it is only 3 minutes. These figures imply that for a recording time
of 10 minues, the thermistor should be at least 10 cm from the end.

For a recording time of 10 minutes and a probe length of 20 cm with the thermistor
half way down, the maximum allowable diameter of the probe can be calculated. The
"end effect”, assuming thermal equilibrium, is a/2 £ . After 10 minutes, the ther-

. , 1
mistor at the center of the probe will be effected an amount . x -2512— o~ 4—‘2— . For this to

be less than 1%, a must be less than 0.8 cm or the diameter should be less than 1.6 cm.
To be on the safe side, a diameter of 1 cm seems perfectly satisfactory. For a ther-

mistor less than 10 cm from the end of the probe, the £/a ratio should be 25 to 1.
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Table 1 F(o,7 )and G(a, 7 ), alpha = 1.50.
Table I1 ‘ F(o,7 )and G(a, v ), alpha = 2.00.
Table ITT F(a, t1)and G(a, 7 ), alpha = 2.50.
Table IV F(a, 7)and G(a, v ), alpha = 3.00.
Table V F(o, 1)and G(a, 7), alpha = 4.00.
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TABLE I

F(a,7v), G(a, 1), Approx. and Asymptote o = 1.50

T F(a,T) Black. App. Asymptote
1 « 22084 . «19606 «333233
2 « 13529 «13198 16667
3 L09756 .09320 ' 11111
4 07619 LO7T707 .CB8333
5 « 06244 06315 « 06667
O « 05285 «.053240 05556
7 045850 04621 «C4T762
8 040639 04070 04167
9 03611 03636 03704
10 L0322 04 03234 .03333
11 « (02994 02994 .03030
12 02751 02751 «e 02778
13 02544 02544 02564
14 023065 02365 .02381
15 (2210 «02210 «02222
16 G204 02074 .02083
17 LC01G54 -« 01954 01961
13 01847 01847 01852
19 01751 01751 01754
20 015664 J0L664 01667
T G(a, 1) Black. App. Asymptote
1 039606 .09343 06437
2 « 13050 12546 «11953
3 15781 « 15662 «15179
4 « 17834 « 17735 « 17468 £
5 « 19478 .19398 « 19243
6 20848 .20782 . 20694
7 n 22021 £ 21967 021921
3 e 23047 «230C1 «22983
9 « 23959 «23919 « 23920
10 24778 24144 24759
11 e25522 e 25492 « 25517
12 « 26203 26177 « 26209
13 « 26837 « 26808 . 2638346
14 227415 «27393 « 27436
15 « 27959 « 21939 «27985
16 < 284068 e 238450 « 28498
17 e 289343 T 428930 « 28981
18 « 29400 . 29384 » 29435
19 . 29828 «29813 « 29866
20 « 30234 30220 e 30274 ‘ \
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TABLE 11

F(e,7), G(a, 7), Approx. and Asymptote o= 2.00

T F(a,T) Black. App. Asymptote
1 160626 «12500 . 25000
2 «0991°2 09375 « 12500
3 L0708 06944 .08333
4 « 05521 « 05409 . 06250
5 04523 04500 « 05000
6 . 03830 «.03819 04167
7 03322 03316 02571
8 02933 «.02930 .03125
9 02625 « 02623 02776
10 02376 02375 «02500
11 02169 02169 02273
12 .01997 01997 02083
13 «0184% 01849 01923
14 Q01722 01722 01786
15 «010611 01611 01667
16 01514 01514 “015¢63
17 <1427 01427 01471
18 «01350 «01350 .01389
19 01281 01281 .01316
20 «01219 01219 .C1250
T G(a,7) Black. App. Asymptote
1 09768 10416 06437
74 « 13204 «13942 «+11953
3 16459 . 16505 «15179
4 « 18445 « 184672 « 17468
5 « 20053 .20039 « 156243
6 « 21357 « 21357 « 20694
7 e 22491 < 22489 : «21921
8 « 23484 «23480 «22933
9 24367 243262 « 23920
10 « 25161 «25156 « 24759
11 «25684 «25379 «25517
12 « 26546 26541 « 26209
13 « 27158 27152 « 26846
14 227725 « 27720 21436
15 « 28255 28250 « 27985
16 e 28152 « 28747 « 28498
17 «29220 - 29215 28981
18 e 29662 « 29656 « 29435
19 « 30030 « 30075 « 29866

20 « 30478 «30473 «30274
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TABLE III

F(o,7), G(a,r), Approx. and Asymptote a=2.50

T F(a, 1) Black. App. Asymptote
1 13215 10382 20000
2 01771 071249 10000
3 . 05540 05354 06667
4 04314 04226 05000
5 .03536 , .03487 - . 04000
& 02997 02967 03333
7 02602 02581 .02857
8 .02259 .02285 02500
9 . 02060 .02049 82222
10 018606 01858 02000
11 .01699 01699 .01818
12 .01565 .01565 © o .01607 .
13 «01451 01451 .01538
14 01352 .01353 01429
15 01267 01267 01333
16 L0191 01191 .01250
17 01124 L0124 01176
18 01064 01064 01111
19 01010 01010 L01053
20 00961 .00961 .01000
T G(a,T) Black. App. Asymptote
1 . 10300 11060 06437
2 14279 14539 11953
3 16576 17011 15179
4 L18516 18599 17468
5 20367 e 20424 19243
6 21661 21702 20694
7 22771 22802 .21921
8 23764 « 23763 «22983
9 « 24609 024628 «23920
10 .25389 ¢ 25404 247159
11 26093 26110 «25517
12 26749 26759 26209
13 <2730 .27359 L26846
14 .27909 27916 27436
15 .28431 28436 .27985
16 «23920 .28925 .28498
17 «29381 - «29385 .28981
18 29817 «29320 « 29435
19 «30230 .30232 . 29866

20 30622 «30624 « 30274
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TABLE IV

F(e,7), G(a,T ), Approx. and Asymptote o= 3.00

* F(a,t) ~ Black. App. Asymptote
1 «10913 08864 16667
2 063712 05901 .08333
3 04539 L04349 .05556
4 03535 .03438 04167
5 .02900 02842 .03333 ‘
6 02460 « 02423 «02778
1 02137 02111 .02381
8 JOLESC 01871 02083
9 L 01634 01680 01852
10 «01535 .01525 01667
11 01396 01396 «01515
12 Ol2av 01287 «013289
13 01194 01194 01282
14 01112 01113 «01190
15 .01042 01043 +01111
16 00621 ,00G81 «01042
17 00326 003226 . 00980
18 00877 008277 . 00926
19 .00333 00833 «00877
20 «00792 00793 .00833
T F(o,7) Black. App. Asymptote
1 10677 «11489 LC6437
2 14602 « 14938 «11953
3 17156 «17348 B « 15179
4 . 19063 «15190 < 17468
5 « 20589 «20580 .19243
6 «21863 «21932 20694
7 « 22957 «23011 +21921
3 «e23916 « 235959 22983
9 24770 « 24505 «23920
10 +»-255 39 « 25569 « 241759
11 e 26240 « 26265 «25517
-2 «268383 « 26305 « 262069
13 274718 27496 « 206846
14 «28031 « 28046 « 27436
15 « 28547 «28561 « 27985
16 .29032' .29044 .28498
17 e 29443 «29499 «28981
18 «29920 « 29929 « 29435
19 «30329 « 30337 « 29866

20 « 20715 «30725 «30274
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TABLE V

F(a,t), G(a,T), Approx. and Asymptote o= 4.00

T F(a,t) - Black. App. Asymptote
1 L8044 06847 «12500
2 04668 04295 06250
3 «.033206 «03157 «04167
4 02594 02501 . 03125
5 02130 02073 02500
6 01209 01771 . 02083
1 L01573 «01846 017806
8 +Q1393 01373 01563
9 01250 01234 .01389
10 C01133 01122 «01250
11 01028 01028 «.Cl136
12 0094¢ 00948 01042
13 «00881 00881 00962
14 00827 00822 00893
15 00771 00771 <00833
16 00725 00725 00781
17 006065 00685 .C0735
18 L00649 00649 00694
19 .C0617 00617 « 00658
20 00587 00587 00625
T F(a,T) Black. App. Asymptote
1 «11170 .12025 06437
2 « 15013 ' « 15436 .11953
3 «+ 17508 17770 «15179
4 « 19372 « 19554 « 17468
5 « 208606 .21001 « 19243
6 22114 22719 « 20694
7 23187 + 23272 «21921
8 24129 « 24199 «22983
9 2249068 « 25027 « 23920
10 $ 25726 «25775 « 24759
11 26416 206458 « 25517
12 « 27050 «27087 « 26209
13 276306 27668 « 26846
14 281kl « 28210 27436
15 « 28691 28116 « 27985
16 29169 «29192 « 28498
17 29621 - 029€41 28981
18 <30047 ~ .30065 .29435
19 « 304572 «30468 «29866

20 30836 «30251 «30274



