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The axisymmetric propagation of a relatively dense gravity current of a given initial volume over a
horizontal boundary is considered when the intruding fluid is a suspension of heavy particles and the
ambient fluid is steadily rotating about a vertical axis. The investigation employs a shallow-water
model of the motion. With the introduction of a strained temporal coordinate, it is possible to derive
asymptotic expressions for the evolution of the radius and height of the current, the radial and
temporal variation of the horizontal velocity, the volume fraction of particles, and the angular
velocity. In this way it is possible to distinguish how the Coriolis force and the effects of particle
sedimentation inhibit the radial spreading of the flow. The analytical relationships arise directly from
the shallow-water equations and thus improve upon previous simple expressions which are based on
ana priori prescription of the shape for the current. The analytical results compare favorably with
both numerical integration of the full system of equations and experimental da00® American
Institute of Physics.[DOI: 10.1063/1.1412244

I. INTRODUCTION ment Coriolis effects play a central role in the evolution of
these gravity-driven flows. For example, large-scale turbidity
When density-driven flows evolve in a rotating environ- currents which flow across the continental shelf, while driven
ment, the nature of their motion is very different from thatby the presence of suspended particulate matter, are influ-
which arises when the flow takes place in an otherwise quienced by the effects of rotation. We note that the dynamics of
escent environment. In the presence of rotation, Coriolis efaxisymmetric releases of dense fluid differ from those that
fects deflect the flow and the fluid is subject to centrifugalare laterally confined by a sidewall. For these latter flows,
accelerations which inhibit radial spreading. For example, irazimuthal motion is inhibited and the motion is predomi-
a rotating system a lens of dense fluid becomes unstable twantly parallel to the boundary.
azimuthal motions which form discrete eddies on the length  In this paper we develop a shallow-water model for the
scale of the Rossby radidsbuoyant plumes also become flow on the assumption that the depth of the current is much
unstable and break up into vorticesind the rate of radial less than its length. We further assume that the current flows
spreading of relatively dense fluid over a horizontal rigidthrough deep ambient fluid so that the motion within the
boundary is progressively reducéd. ambient can be neglected. By appropriate analysis of the
In this paper we study the axisymmetric propagation of gohysical processes governing the motion we identify a re-
gravity current generated by the instantaneous release gime that is common in nature, in which the effects of par-
relatively dense fluid. The motion is driven by the densityticle sedimentation and ambient rotation are initially small.
difference between the intruding fluid and the surroundingThe initial motion is dominated by a dynamical balance be-
ambient, an occurrence which is common in natural protween the buoyancy associated with the density difference
cesses and industrial applicatichBhe excess density of the and the inertia of the fluid. Within such a regime we find
intruding fluid may be due to compositional differences, suctsimilarity solutions to the governing equations which model
as a temperature or salinity, or may be due to the presence e initial motion® We then develop asymptotic series solu-
relatively heavy particles in suspension, in which case thdions which are appropriate to the regimes of slow particle
density difference is progressively reduced as the particlesedimentation relative to the initial bouyancy-induced radial
sediment to the underlying boundary. In a rotating environ-velocity and weak Coriolis effects relative to the initial hy-
drostatic, radial pressure gradients. These solutions demon-
strate how each of the effects modifies the internal dynamics
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rent propagating in the absence of rotation. However, the 4
ways in which the flow adjusts to realize these reductions arez
quite different for each case. The theoretical developments <:Q
show that particle sedimentation causes the tail of the curren
to thin as the particle-laden fluid accumulates close to the
front. This effect was reported in the context of two- u
dimensional flows, where it was observed in experiments
and numerical computations. The effects of Coriolis forces ——» [
are compensated by a change in the profile of the current. I. r =N
becomes “nose-down” to develop a streamwise pressure gra- FIG. 1. Configuration of the flow.
dient. Such profiles are found in viscously dominated fléws,
in drag-affected inertial flow3,and in flows within porous
media®® density to the surrounding ambient. The density of the par-
Our asymptotic expansions are based upon the new teclicles is p,, and they have volume fractios, which varies
nique developed by Harrist al!* This technique has been both spatially and temporally. The density of the current is
shown to work well for flows which are two dimensional and given by
nonrotating. In this study, we apply the technique to axisym- _ _
metric flows for which the details of the asymptotic expan- pc=pat d(pp=pa)- 2.1
sion are quite different. The expansions indicate how the The motion of the dense current is driven by the buoy-
solutions gradually drift away from the similarity solution as ancy force associated with the density difference between it
the flow becomes no longer dominated by an inertial-and the ambient fluid. In this study we consider flows that
buoyancy balance but instead is influenced by Coriolis efpossess an axisymmetric geometry and spread radially from
fects and the progressive reduction of the buoyancy forc& source. We assume that the horizontal length scale of the
through particle sedimentation. From the expansions we agnotion far exceeds that in the vertical and so there is negli-
sess the relative magnitudes of these two effects by identifydible vertical acceleration. Thus we may employ a shallow-
ing appropriate dimensionless ratios. In previous studies ovater model of the motion in which the pressure is a com-
axisymmetric gravity current$:>*3numerical integration of ~bination of hydrostatic and centrifugal terms. We adopt a
the governing equations has been required for each set éylindrical polar coordinate system in a frame which is fixed
parameter values. This is avoided here because it is possible the rotating frame of reference. We denote the vertical
to derive closed form analytical expressions. A different ap-axes byz, the radial byr, and assume that there is no depen-
proach, employed by Bonnecag¢ all? for particle-driven dence upon the azimuthal coordinéte., the flow is radially
flows and by Ungarish and Hupp¥for rotating flows, is to ~ Symmetrig. Within the current, the pressure is given, up to
formulate “box” models for the flow. These neglect the in- an additive constant, by
ternal dynamics of the flow, but permit relatively simple ana- h
lytical expressions for the radial speed to be derived. In this p= %p392r2+(pp—pa)gf ¢ dz—p,0z (2.2
paper, since we develop solutions to more complete govern- z
ing equations, we are able to assess the validity of these baxhere h is the depth of the current. We formulate the
models. shallow-water equations which describe the flow by consid-
The paper is organized as follows. In Sec. Il we formu-ering the conservation of mass, momentum, and the transport
late the problem and identify the dimensionless parametersf particles. We vertically average these equations on the
that represent the relative magnitude of the Coriolis force tassumption that the velocity of the current and the volume
the inertia of the fluid and the magnitude of the settling ve-fraction of particles are vertically uniform through the depth
locity of the particles to the initial radial speed. We presentof the current. This procedure is discussed thoroughly in the
the underlying similarity solution in Sec. Ill and then derive appendix to Harriet al! and should be regarded as closure
the asymptotic solutions in Sec. IV which are compared taassumptions for the model. The assumption of the vertical
results obtained from the numerical integration of the gov-distribution of the particulate phase implies that the intensity
erning equations. Finally in Sec. V we discuss the results andf the fluid turbulence must be sufficient to mix the particles
compare them with the experimental work presented in Refsvertically throughout the depth of the current but insufficient
12 and 13. We also indicate how this analysis improves uporo re-entrain deposited particles from the underlying bound-
existing formulations and draw some conclusions about thary. (An alternative, laminar model for the behavior of the
internal dynamics of the flow. particulate phase, in which the boundary of the current is
defined by the uppermost sedimenting layer of particles, has
been proposed by Ungarish and Huppein. this view the
volume fraction of particulate remains constant and equal to
We consider the intrusion of a current of denspy its initial value, but the fluid mass, moving with the current,
through an ambient fluid of a lower densipy, which is is progressively reducedin our model, the vertically aver-
rotating about a vertical axis at ra€e(Fig. 1). The intruding  aged expression of mass conservation, on the assumption
current contains small, relatively heavy particles, all of thethat ambient fluid is not entrained into the current, is given
same size, which are suspended within a fluid of identicaby

Il. FORMULATION

Downloaded 09 Feb 2004 to 131.111.8.96. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



Phys. Fluids, Vol. 13, No. 12, December 2001 Axisymmetric gravity currents 3689

oh 19 Following Ungarish and Huppettwe note that the con-
ot Ty g (uh)=0. (2.3 servation of potential vorticity follows directly froni2.3),
(2.5, and(2.10. We find that
If viscous forces are negligible then the dynamics of the
current are dominated by a balance between inertial, buoy- D (&+20 -0 (2.11)
ancy and Coriolis forces. Utilizing the Boussinessq approxi- Dt h '

mation that density variations are only important when mulyhereD/Dt= /ot +udlar andé= (1/r)a(rv)/ar is the ver-
tiplied by gravitational terms, we find that the radial tica| component of the relative vorticity. Hence we deduce

momentum equation is given by that potential vorticity is conserved on fluid particles. Thus,
P 1 9 9 (1 v given the “lock-release” initial conditions, which imply that
E(Uh)-’-FE(I’UZh)-FE(Eg'hZ):Uh(ZQ-F ?)' the potential vorticity is 2/h, for all the fluid, and the
2.4) boundary condition at the origif2.7), we integratg2.11) to
' find that
whereu is the radial velocityy is the azimuthal velocity, and v 20 (r
9'=(p.—pa)9/pa is the reduced gravity. The azimuthal mo- wE_:_Q+2_f r'h(r’,t)dr’. (2.12
mentum equation is given by r rhg Jo
9 19 " Use of this identity leads to a reduction in the number of
o )+ = (ruvh)=—uh|{ 20+ —J. (2.5  partial differential equations needed to model the flow and a
considerable simplification of the analysis which follows.
Finally the transport of particles may be expressetfBy Non-dimensionalizatianThe system of equations and
p 14 initial conditions admits five external, dimensional param-
ﬁ(h¢>)+ - &T(YU(ﬁh): V., (2.6 etersi), Vg, hy, ro, andgg=(pp—pa) $o9/pa, from which

we can form three nondimensional measures to characterize
whereV, denotes the settling velocity of the particles. the dynamical behavior. We choose the aspect ratio of the
The boundary conditions on this flow are that there is ndnitia! releasero/ho; the Coriolis parametefthe inverse of
radial flow and no radial gradient of angular velocity at thehe ROSsby numbgr

origin, which are expressed as Qr,
= L 120 (2.13
d (v (9oho)
u(0t)=0, —|—-|=0 atr=0. (2.7 o ) ) )
ar\r which is the ratio of the strength of the azimuthal velocity

Qrg to the magnitude of the buoyancy-induced inertial ve-

At the front of the current there is a dynamic condition link- ™" ) . ) .
locity; and a dimensionless settling flux defined by

ing the frontal speed with the local velocity of long gravity
waves. This condition, the Froude number condition, was Vo

established in the context of steady, two-dimensional flows 8= ho(0ho) 72 (2.14

by Benjamin!® experimentally tested by Huppert and 015070

Simpsorﬁ6 and has been successfully utilized in a number ofwhich is the ratio of the initial vertical settling flux of par-
subsequent Studiéé?””to cite just a few. It has also been ticles to the initial radial volume flux of fluid. If all these
shown to be applicable to rotating systetisn the context ~parameters vanish then the system admits a similarity solu-
of flows through relatively deep ambient fluid, the conditiontion. If any of them is nonzero, however, then the similarity

is given by solution is no longer formally correct, but may nevertheless
. provide useful insight into the evolution of the flow. Hogg
u=Fr(g'h)™ at r=ry(1), (28 et all®investigate numerically the role of the initial aspect

wherer \(t) denotes the radial front of the current and Fr igratio on the propagation of two-dimensional gravity currents.

a constant, given by 1.19 when the depth of the ambient fluid ey find that the numerically calculated solution to the shal-
is much greater than the depth of the curfénin addition low water equations rapidly adjusts to the similarity solution,
we express the global conservation of mass by a conclusion which is borne out by experimental measure-

ments. In the analysis which follows we hence assume that

™ hdr= 1 Vv 29 the dynamics are essentially independent of the initial aspect
rmar=3v. 2.9 ratio. Expressed another way, the theory is valid wihgn
0
. . >rg.
where 7V is the total volume of the dense fluid. T2.7)— In the regimeC<1, the flow is initially dominated by a

(2.9), we add initial conditions. In this study we employ the palance between inertial and buoyancy forces with rotation
Simple initial conditions appropriate to a “lock release.” This p|ay|ng 0n|y a neg||g|b|e role. However, as the dense fluid
permits direct comparison with experimetS:'* We thus  radially spreads and slow, the effects of rotation become no
write longer negligible and the dynamics undergo a transition. This
o _ _ _ is in contrast with the regim€>1 for which Coriolis ef-
u=v=0, h=ho, ¢=go forr=ro att=0, (210 o Gominate the motion straightaway and there is little
wherehorS=V. radial propagation of the front, relative to the initial radius of
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the intrusion. Furthermore the radially symmetric motion be-and an expression for the conservation of fluid volume
comes prone to azimuthal instabilitib$n the present study, () 1
motivated by observations of Gulf Stream rings and other f N hrdr=—. (2.22
geophysical phenomena, we focus on the regirel. 0 2
We also study the regimg<1, in which the initial set-  The conservation of potential vorticity leads to
tling flux of particles is much smaller then the initial radial
flux of fluid. (Bonnecazeet al? suggest a typical value of o= —1+ 2 frr’h(r’ tdr’
0.005) Settling of particles to the underlying boundary re- r2 )o ' '
duces the density difference between the current and the am-
bient and leads to a reduced buoyancy force. Thus the radi@i. SIMILARITY SOLUTION (8=C=0)
velocity is reduced. Note that the limi=0 corresponds to o o
a current with a constant density, such as a saline fluid in- N the limit ro/h,=C==0, the current maintains a
truding through a fresh-water ambient. co_nstant dens!ty dllfference with the ambleﬁt'aé 1) aqd the _
We observe that there are two independent length scaléZimuthal motion is decoupled from the radial motion. This
in this problem, namely the initial height,, and the initial  Selution is relevant to the propagation of an axisymmetric
radius,r, and that these combine to give the volumevas sallne_ c_urrent thro_ugh a nonrotatmg_, fre_sh-v_vater ambient.
—r2h,. At this stage of the analysis it is convenient to non- 1€ Similarity solution to these equations is given by

(2.23

dimensionalize heights with respect kg and radial dis- erKtl’z, (3.1

tances with respect to,. However, we show in the follow- K

ing that these factors only occur as the prodlf)ctto and so h= 2_ 14 2/FP 39

the relevant length scale V6>, This bears out the observa- 8_rﬁ(y ) 32

tion that the dynamics become independent of the initial as- q

pect ratio of the releaséA similar result was obtained in the u= ﬂy (3.3
dt 7’ '

study of two-dimensional particle-driven gravity currents in
which the important length scale is the square root of theyherey=r/r, andK =[16 F?/(4—Fr?)]¥452WhenC and

volume per unit widttt?) B are nonzero, but still much smaller than unity, this similar-
We adopt the following scaling of the variables, whereity solution describes the initial evolution of the current, be-
an asterisk denotes a dimensionless variable: fore either rotation or particle sedimentation have had an
[h,u,v,é,r,t] effect on the motion. The effect of a nonzero, but finite as-
pect ratio is such that the flow is initially far from the simi-
=[hoh*,(ggho)"u* . Qrov*, o d*, larity solution but rapidly converges to it over an initial

L “slumping phase” which is much shorter than the duration of
o™ Fo(doho) 4], (219 ihe flows under consideration hefsA similar phenomenon

In what follows we omit the asterisk in the interests of clarity has recently been investigated in the context of draining
and assume that all variables are dimensionless. The equéiews within porous medi&’

tions governing the evolution of an inertial gravity current, ~ We assess the times at which rotation begins to influence
driven by the presence of suspended particulate matter, uihe motion from(2.17 by balancing inertial and Coriolis

dergoing rotation are given by terms using the similarity solution as estimates for the veloc-
ity and height fields. This requires th&fr wh~u?h/r. Es-
@+Ei(ruh)=0, (2.1  ftimating thato~1 andu~r/t, we find that these are of
gt ror equivalent magnitude whe@2t?=0(1). Similarly, we as-
Ju Ju oh hag sess the times when particle sedimentation has begun to in-
—4tu—+¢p—+=—=C%ro(w+2), (2.1 fluence the motion froni2.18. Balancing sedimentation and
gt or ar - 2.9r particle advection giveg~uh/r. Hence particle sedimenta-
ad I B tion_begins to play a gignificant rple _vvhq!ﬁt2=0(1). A
it (2.19  straightforward, but limited expansion in powersgif was
pursued by Hogget al® in the context of axisymmetric,
dw Jw particle-driven currents. In Sec. IV we employ a different
S tuo =21t w). (2.19  strategy which has the advantage over Hegal® that it

yields convergent expansions which are valid even as the
This system of equations is completed by the dimensionlesgurrent approaches its maximum radial extent.
boundary condition at the front of the current,

dry IV. POWER-SERIES EXPANSIONS
—=Fr(¢h)¥?2 at r=ry(t), (2.20 _ . .
dt The system of equations is currently presented with
the conditions of symmetry at the origin andt as the independent variables. We change variables to a
nonlinear function of times, and a scaled spatial coordinate,
u=0 9_‘!’:0 atr=0 2.21) 7, such that the current occupiess@=<1. Thus, we substi-
tooor ' ' tute
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and, following the technique of Harriat al,** we introduce
a nonlinear function of times, which is related to the radius
of the currentr\(t), at timet by

1 1
a4foH(S,7])77dn=§. (4.8

The boundary conditions are now more simply expressed as

ds U(s,00=0, U(s,1)=1. 4.9
s=[ry(t)/a]™, a=s”F(s). (4.2

These represent zero flow at the origin and a kinematic con-
Herea, m, andn are constants, to be determined in the dition at the front of the flow, respectively. The other bound-

following, and F(s) is a regular function ofs such that &7 condition is now given by
F(0)=1. This technique is similar to the method of strained B 112

coordinate€’ We choose the constarasm, andn such that F(s)=4 F{H(sD)¢(s,D]™ 4.10
together with the leading-order term of the straining func- We pose series solutions in ascending powers fir

tion, F(0)=1, we recover the similarity solution for the raté o, of the functions in the revised governing equations. We
of propagation and the height and horizontal velocity fieldsyemqnstrate in the following that the leading order in the
W'th,'n the c_urrent(;ee Sec. )L The_regfter the effects of expansion corresponds to the similarity solution of Sec. Ill.
particle sedimentation and the Coriolis force alter the dy-rpe effects of particle sedimentation and rotation are then
namics of the flow and lead to the current diverging from ity o 5te a5 perturbations to this similarity solution. At leading-
S|m|Iar.|ty form. Itis convenient to write the dependent vari- o qor their effects are independent and may be combined
ables in terms of 4,s) in the forms linearly. We thus find terms of orde€2s and Bs in the
dry power series expansiofAt higher orders their_effects are no
h(r,t)y=a™H(s,n)/ry(H)?,  u(r,t)= <t Vs ). (4.3 longer independentlt is convenient to defingg= g/a? and
pose power series of the form

In what follows we will develop asymptotic power series o
for the dependent variables which are essentially valid foH (s, 7)=H(7)+ BsHp1(7)+ C2sHgy(7)
C?s<1 andBs<1, on the assumption that the leading terms _ _
in the expansions are the similarity solutions of Sec. Ill. We +0(C*? BC?s%, B%s%), (4.1
deduce the value oé by requiring thatF(0)=1 and the .
values ofm andn by balancing the terms within the govern- U(s, 7)=Uq( %)+ BSUp1(7)+ C?sUgy(7)
ing equations and boundary conditions. From the dynamic — —
boundary conditior{2.20), we find thatm(1—n)=2; while +0(C*? BC?s?, B%s?), (4.12
from (2.18), we find thatmn=2. Hence we deduce that _
—4 andn=1/2. [Note that the perturbation driven by the #(S,7)=1+Bs¢pi(n)+C?*Sdri(n)
Coriolis term in(2.17) implies that 21=1, which is consis- 4.2 =22 =22
tent with the values deduced from balancing the terms in the +0O(C's%, BC7s%, B7s7), (4.13
particle-transport equatioh. _ _ _

We are now in a position to derive the equations of mo-F(S)=1+ BsFp;+sC*Fg; +O(C*s? BC?s?, B%S7), (4.14
tion in terms of the new dependent variablesinds. After

considerable algebra, we find that where the subscript® and R denote functions and values

associated with the effects of particulate matter and rotation,
oH oH 1 9 respectively. We note that the relative importance of the Co-
455_ 2H+ 77%_ ,_7 %(”UH) =0, (4.4) riolis force to the change in buoyancy due to particle sedi-

mentation is measured by the magnitudﬁfﬁ as identi-

S_F2 J e F .S drF FU4 F_2 U u fied by Ungarish and Huppéftfrom other considerations. In
4 Js 16 4 ds 16 ( 7) an terms of dimensional parameters
oH H &(ﬁ 2 C2 Q4V 12
+¢%+5%—c spo(2+ ), (4.5 —=a? —— (4.15
ﬁ ngo
dp F o Bs _ _ -
SFa_s+ Z(U -7) FriPTE (4.6)  Hence the relative magnitude of the effects of the Coriolis

force and particle sedimentation are independent of the ini-
Conservation of potential vorticity, following2.23, may be tial aspect ratio, but depend on the volume of fluid released.
expressed as We also note that there can be @§C?) term in the volume

fraction expansion since there is no particle settling at this

2 [ o order and sapr,=0. Therefore arD(C*s?) correction also
w=-1+ S:LT7]2 Jo H(s,7")n" d7'. (4.7 yanishes from this expansion. We substitute these power se-
ries into the governing equations and equate terms in equal
Also conservation of fluid volume is given by powers ofs.
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FIG. 2. Similarity solution for an axisymmetric gravity current of constant

density in a nonrotating environment. The velocity fidlig(») (—) and the
height field,Hy(7) (- --).

A. Similarity solution: O(1) terms

The solution atO(1) is given by

Ho( _: zi—1 4.1
olm=g5| 7"+ gz 1/, (4.16

Uo(7)=17, (4.17

anda is determined from the conservation of fluid volume (b) & E

and is given by

64 FF ) v

a—FP (418

a:

Hencea=2.43 for Fr=1.19. These functions are identical to

the similarity solution presented in Sec. (Fig. 2). For the
rotating current we derive fror4.7)

a2 2

i
C()Z—l"r@? (4.19

7+ﬁ_1).

O(Bs) terms

On substitution of the power serig¢d.11)—(4.14) into

the governing equations and equating termsOcQEs), we
find that

B. Particle-driven currents:

4Hpyn+(nUpiHg) =0, (4.20

iUp1tHps+ 3Hodpy + dpiHo= — §Fp17, (4.2
1

Pp1=— Hy' (4.22

where a prime denotes differentiation with respecytdhe
boundary conditions are

Upi(0)=0, Upy(1)=0. (4.23

Furthermore from the Froude number conditighl0, we
deduce that

Hpi(1)

v = 2Fp1— #p1(1).

Ho(1) (4.29

Hogg, Ungarish, and Huppert
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FIG. 3. (a), (b) First-order perturbation functions for the velocity),
height(- - -), and volume fractioi—) as a function of the similarity vari-
able . These functions represent the correction to the similarity solution
due to particle sedimentation.

We combine Eqs(4.20—(4.22 into a single equation for
Hp1(7), which admits the analytical solution

1 Fpy
Hea(n) =~ 35+ 5, (7°Ho)' + a2l (1~ V3312,

X (1+33)/2;1;— 9?I(— 1+ 2/FP)], (4.29

where ,F; denotes a hypergeometric functférand « is a
constant which has yet to be determined. On application of
the boundary condition&t.23 and (4.24), we find that

a=452x10"3 Fp;=—8.42 for F=11.9. (4.26

Subsequent terms in this expansion may be determined by
substituting into the governing equations and equating appro-
priate powers of3s. However, the complexity of the algebra
prevents the identification of an analytical solution, although
we note that the second-order perturbation to the volume

fraction, 82s2p,(7), is given by

1 UpHY 1

Hpy
¢P2:2_HO —Fp1—

TaH, THo ' Ho |
We plot the functiondHp(7), Upi(7), andép(7n) in

Fig. 3. Particle sedimentation means that the radial speed of
the current is reducedF{p,;<0) as the density difference

4.27
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between the current and the ambient is progressively re;, ()1 r 7008 M

duced. However the sedimentation is not uniform throughout " T ] At

the flow. Instead a greater proportion of the particles settle in 05 ¢----- e 7 0.03

the region of the origin, where the current is thinner. In its i . ]

initial similarity state, the radial gradient of the hydrostatic 0k 0

pressure increases linearly so that fluid is decelerated as . N ]

approaches the front. The dominant effect of sedimentatior 05 N/ o008

in the tail of the current is that this adverse pressure gradien ; a

is reduced. Therefore the fluid accelerates toward the fronn -1 008

and the current thickens. We note that similar interpretation f V]

of the dynamics of the flow is noted by Bonnecazal. and A5 | Ug, ) 1 -0.08

emerges from the expansions employed by Heggl!® : h
2 e e 012

C. Rotating currents: O(C?s) terms 0 02 04 06 o8

We derive the perturbation solutions due to the effects ofiG. 4. First-order perturbation functions for the velocit) and height
rotation in an analogous manner to Sec. IV B, although in(- - -) as a function of the similarity variablg. These functions represent the
this case the azimuthal velocity drives the correction to theforection to the similarity solution due to rotation.
momentum equatio2.17) and the volume fraction of par-
ticles remains constant. Fro@.19 we determine that

w=—1+0(s"1?) (429  <0). The magnitude of this inhibiting force, though, in-
creases with distance from the origin. In order that the cur-

and hence on substitution of the power geries into the govrent may continue to propagate, it develops a radial pressure
erning equations and equating terms(fCs) we find that  gradient to counteract the Coriolis force. Its profile therefore

AHgyn+ (7UgiHo)' =0, (429  becomes “nose-down,” as observed by Ref. 13 and as pre-
dicted from the shape dfigz,(7). This means that at a finite
Uit HR == 5Fri7— 7, (4.30  time the front of the current will touch the underlying bound-
ary [h(ry,t)=0]. Thereafter the model presented here will
$r1=0. (4.31

no longer be valid. The dynamic boundary condition at the
Equation (4.31) expresses the conservation of the volumefront of the current is then inappropriate and the flow may
fraction of particles. The boundary conditions are given by start to radially contract In assessing the accuracy of the

asymptotic expansion, it is only relevant to consider times up

Uri(0)=0. " Ury(1)=0. (4.32 to when the nose first touches the boundary.
Furthermore, from the Froude number conditi@nl0), we In terms of the power series developed here, truncated at
deduce that O(s), the angular velocity is given by

iL(ll): R (4.33 =—1 285 (111 5.1 1+ 2/FP

o(1) w=- +F’23_227’+§77(_ +2/Fr)
As before, we combin¢4.29—(4.3)) into a single equation 1 1
for Hg1(7), which admits the analytical solution _ ZBSUpl(ﬂ)Ho( ) — ZCZSUm(ﬂ)Ho( 7])+,__)_
He(7)=| 1+ ?)5( 7°Ho)' + 727l (1= 33)12, (4.37
X (1+/33)/2;1;— p?I(—1+2/FP)], (4.34

D. Comparison with numerical results
wherey is an undetermined constant. On application of the

", ) To validate the series expansion solutions, we compare
boundary conditions we find that P P

the asymptotic results with those calculated from the numeri-
y=—2.40x10% Fg=-1.28 for Fr=1.19. (4.35 calintegration of the governing equatiof&3—(2.6). A full
_description of the numerical method employed is given in

b bstitution into th ) i d balanci (Unngarish and Huppert.Essentially the partial differential
y substitution Into Ih€ governing equations an aanCIn%quations were integrated using a two-step Lax—Wendroff

fcerms of the same order. We note that if the volume fracuo%cheme to which a small amount of artificial viscosity was
is expressed byp=1+ Bp1+ B2 dpo+ BC7hrot . then  aqded to the momentum equation to ensure numerical stabil-
1 [Hpy UriH} ity.. The method is explicit anq so a small time step is re-
¢R2:ﬁ . an +Fgr1]. (4.36 quired, but even then the run times are only of the order of a
A 0 few seconds on a Silicon Graphics Octane workstation. Since
We plot the function$dg,(7) andUg,(7) in Fig. 4. The  the objective of these numerical runs is to verify the
main effect of rotation is to slow the current relative to its asymptotic expansion, the initial conditions employed were
speed of radial spreading in the absence of rotatiép; (  the similarity solution at=2.
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FIG. 5. The radial extent of the gravity current as a function of time. Shown
are: the similarity solutio(8=0, C2=0); and solutions for3=0.005,C?

=0; B=0, C?=0.005; andB=0.005,C?=0.005. The numerically calcu-
lated result§—); the asymptotic resulté - -).

L S e e e e

(b) 0 ‘ ‘ -

In order to compare the asymptotic and numerical solu-,,, °° ¢
tions of the shallow water equations, we must invert the re- 0T E
lationship between the strained coordinaté), and time.

pt’=0.25

06 [
05 E

Recall that we have found that  E P
03 e
ds 112 Py 2 3
azs (1+B3Fpl+c SFR1+) (438) 02 E
0.1 F
We truncate the series expansion Fs) at O(s) and inte-  (¢) S0 2 3 s E E ; 7
grate(4.38 subject to the boundary conditi@{0)=0. This

FIG. 6. (a—(c) Comparison between the numerical results and the
asymptotic theory a8t?=0.25 andgt?=1 for a particle-driven axisymmet-
ric gravity current(8=0.009 in the absence of rotationC(=0). The nu-
merical result§—); the asymptotic results - -).

yields

rn(t)=ast*=a| (— BFp;— C%Fgy) 12

(—BFp1—C?Fpp) 2 [ e . |
Xtanh t . (4.39  Note that as indicated in Sec. Il, this expression depends
2 upon the length scales, and hg through the productV

_ 2
We plotry(t) as a function ot for various values of3 and =raho.

C? in Fig. 5 and compare the asymptotic results with those Wg nlow clomtpzre t?.? a?ynlﬁtotlcl exfrers]s!OEf an(z. tlhe
from the numerical integration of the equations of motion.UMerical-evaluated profiles for the veloctly, height, particie

First note the progressive divergence of the solutions from! olcljJTetf;acUon,.andfa2||muthal ar:jgg;agelogty atFtwoﬂ']umes
the similarity solution(8=0, C?>=0). The effects of rotation and for three palirs of values gfan (Figs. 6-9. For the

and particle sedimentation are to slow the radial spreading ({fgagng frl](_)vxr/]s, the Iatergmf shown n F'th' / an(:_ﬂ?sf

the current. The asymptotic expression captures the numeri- .I,t'W 'Cf ti]orrespton s BO ta;]pprozlma ely Onf'.' i Othat
cally determined behavior to a high degree of accuracy. ThEevolution ot the system. By this stage we anficipate tha
two are indistinguishable for currents in the absence of rota[Ot""t'on"’II effects will have strongly influenced the dynamics

tion (C2=0). When some rotation of the ambient is incIudedOf the flow. Hence we expect significant departure from the

(C?>0) there is a small discrepancy between the asymptoti@onmtatmg smplanty SOIUt'On'. In Figs. 6._8 we have not
and numerical results which increases with time. At Iateplc’tted the straightforward series expansion for the volume

times, however, the nose of the gravity current has touchef§action (1+ BS¢p,+ B°¢dp,+ BC ¢r,). Instead, following
the boundaryh(ry,t)=0 and so the model presented hereRef. 11, we have derived an improved expression for the
becomes invalid. volume fraction of particles. Rather than treatiggas a

In terms of dimensional variable&}.39 is given by power series irs and using Padapproximants to improve
convergence, we seek an expressiongarf the form

Fp1Vs FroQ?) 14

'w=a| ~ e gy $=(1+ BsFpy+ B7s?b( 7))~ HHolmFes, (4.4
° ° p P whereb( %) is yet to be determined. This expression arises

— E —Fplvsgél _EL Q2 . (4.40 from balancing the un_steady termfF(s)d¢p/ds, with the

2 a?v12 Rl ' ' sedimentation term— Bs¢/Hy(7). By writing F(s)=1
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FIG. 7. (a—(c) Comparison between the numerical results and the

asymptotic theory a€2t>=0.25 andC?t?>=0.64 for a constant density axi- FIG. 8. (a)—(d) Comparison between the numerical results and the

symmetric gravity current@=0) in a rotating environmentG?=0.005).  asymptotic theory apt?=C?t?=0.25 andBt?=C?t?=0.64 for a particle-

The numerical resulté—); the asymptotic resulté - -). driven axisymmetric gravity currer3=0.009 in a rotating environment
(C?=0.005). The numerical resulfs-), the asymptotic results - -).

+sFp; and integrating, we anticipate a function of the form
(4.47). The functionb( %), is found by projecting the Taylor
expansion of4.41) onto the power series expansion fbup

to and including the terms @(s?). In this way we find that

angular velocity, however, do exhibit good agreement be-
tween the numerical and asymptotic results. We note that at
times just in excess of those shown in Figs. 7 andC& (
~0.92), the nose of the current touches the boundary and so

P1 ,
b( )= E(UF’lHO_‘lH P1) it is no longer possible to use the model presented here for
0 this flow. Instead a new frontal boundary condition is re-
C%Fp, quired, as suggested by Ungarish and Huppert.
—— (UpiHp—4Hr1—4FgiHo). (442 The model proposed for the nonrotating, particle-driven
8BHo currents is valid until either the particles have all settled out

We observe that the theory developed here provides &f suspension or until viscous forces have become non-
very accurate representation of the numerical results foRegligible. The radial velocity is always positive and the flow
particle-driven currents in the absence of rotatibig. 6). At~ attains a maximum extent. Thus the introduction of the
the later time Bt>=1), approximately 95% of the particles strained temporal coordinate is a suitable choice of indepen-
have sedimented out of the flow and yet the asymptotic exdent variable. For the rotating current, however, the nose of
pressions provide an excellent representation of the floihe current touches the boundary at a finite time and there-
structure. This agreement is a considerable improvemer@fter the imposed boundary condition at the front becomes
upon the expansions employed by Ref. 18. For the gravitynvalid. At this time we expect that the leading order term in
currents with rotatior{Figs. 7 and 8 the agreement between the height field,H,, is of comparable magnitude with the
the numerical and series solutions is good, although there aRerturbation due to rotatiol;’sH; g . Thus the expansion is
significant differences with the internal structure of the ve-no longer asymptotic. This is borne out by the comparison
locity field at the later time Ct=0.8). The numerical calcu- between asymptotic theory and numerical calculation de-
lations find a extensive region of reverse radial flow ( scribed previously. However, we find by trial and error that a
<0), which is not found by the series solution. The othergood way to improve the expansions is to expand in terms of
characteristics of height, volume fraction of particles, andC?t? and Bs, rather thanC2s and 8s. We convert the ex-
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) 02 - TABLE |. The initial conditions of the axisymmetric lock-release gravity
(r:,) currents in a rotating environmetgfter Ref. 13. The depth of the ambient
fluid is denoted byH.
o ho H g’ Q
Experiment (cm) (cm) (cm)  (cms?) (shH C
R4 100 46.4 80.3 19.24 0.050 0.17
R5 100 46.6 80.1 19.04 0.100 0.34
R9 100 46.2 79.5 42.36 0.150 0.34
R10 100 46.3 80.0 9.80 0.050 0.23
R12 100 47.0 82.9 9.41 0.050 0.24
R15 100 46.7 81.7 24.14 0.078 0.23
R16 100 16.7 82.1 23.94 0.078 0.39
R17 100 48.0 83.2 23.94 0.078 0.23
|
(a) 6
05 V. DISCUSSION

u(r,t)
h(r,t)

Both the effects of particle sedimentation and rotation
| result in a reduction in the speed of radial spreading of the
0.95 gravity current. However, the detailed ways in which the
internal dynamics adjust to achieve this is different in each
case. In the former case, particle sedimentation leads to an
overall reduction of buoyancy and so the radial speed is re-
duced. However, sedimentation is greatest close to the origin
. | where the depth of the flow is least. The current was initially
ury) ] in a similarity state in which the pressure gradient balances
the inertia of the flow and increases linearly with distance
r from the source. Thus sedimentation reduces the density dif-
R — S — o 025 ference between the current and the ambient and so leads to
(b} ° ! 2 ® ¢ 8 a weakening of this pressure gradient close to the source.
FIG. 9. Comparison between the numerical results and the improve(!_'ence, the adverse, radial pressure gradient is reduced qnd
asymptotic theory at=11.3 for (a) constant density axisymmetric gravity (N€ fluid accelerates toward the front of the current where it
current (3=0) in a rotating environmentG?=0.005); and(b) particle-  accumulategFig. 3(@]. The first-order perturbation height,
driven axisymmetric gravity current3=0.005) in a rotating environment H,, , is thus negative close to the origin and positive close to
(C*=0.005). The numerical results-); the asymptotic results - -). the front; the current propagates “nose” up. Conversely, the
effects of rotation lead to a reduction in radial velocity
throughout the current and a depletion of fluid at the front as
pansions developed here into this form by writigy the current develops a radial pressure gradient to balance the
= C2%2/4+--- and hence we find that Coriolis force. The fluid is therefore decelerated and the first-
order heightHg,, is positive close to the origin and negative
. close to the front; the current propagates “nose” down.
(4.43 We now compare the results from our asymptotic model
with experimental data of intrusions of saline solution into a
.| rotating, fresh-water ambielitand of intrusions of relatively
(4.44  dense, particle-laden fluid through a quiescent amBfent.
Ungarishet al'® conducted experiments within a 13.0-
dry — ) ) m-diam, 1.2-m-deep cylindrical tank, mounted on a platform
W:@?(1+35FP1+C (U2)"Fra), (449 \hich rotated about a vertical axis at a rate in the range
0.05-0.15 s'. They released saline solutions into the main
body of fluid, from within a centrally located inner cylinder

H(s,7)=Hq(7)+ BsHpy(7) + CA(t/2)?Hgy(7) ++-

U(s,7)=Uq(7)+ BSUp1(7)+ CA(t/2)2Ury( 1)+

b(#n)= E(Ule(’)—4H p1) of radius 1 m. The intruding solution had initial values of the
8H, reduced gravity in the range 9.4—42.4 cm.sThe radial
C22F extent of the saline solution was measured as a function of
+ TPl(URlH(I)_4HR1_4FR1HO)- (4.46  time for a range of different initial conditionsee Table )l
328H, In the absence of particle8E0) and in terms of dimen-

o _ ) sional variables(4.39 is given by
We plot in Fig. 9 the asymptotic and numerical results at ) Ua 1
=11.3 using these alternative expressions and note that the 9oV ) tanh”2<(_FRl) Ot

agreement between them is improved. rN(t):a( —FriQ?

5 ) (5.9
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FIG. 10. Experimental results of Ungarish al. (Ref. 13 for the radius of

a saline intrusion within a rotating environment as a function of time. Here
the radius and time are rendered dimensionless with respegf ¥ @2)Y/*
andQ %, respectively. The theoretical predictién-).

FIG. 11. Experimental results of Bonnecageal. (Ref. 12 for the radius of

an intrusion of suspended particles within a nonrotating environment as a
function of time. Here the radius and time are rendered dimensionless with
respect to §;V3/V2) 8 and (g V2/V) Y, respectively. The theoretical pre-
diction (—).

Hence we plot the experimental data in terms of the new

dimensionless variables, tanks do not strongly influence the dynamics of the flow,
1\ 14 these currents should evolve in an analogous way to those
R=r (gL) T.=0t (5.2  Which originate from a truly axisymmetric source. In the
r=IN| 2 ) r : . . 5 - . .
absence of rotation@“=0) and in terms of dimensional

We note thatR, =rCY?r, and observe from Fig. 10 that Vvariables(4.39 is given by

this scaling has collapsed the experimental data. Furthermore a2q’ LA 32| 14 t [ —FoV.qll2 12
. L . Y0 P P1VsYo
the theoretical predictions using the valuas-2.43 and ry(t)=a —Fov. tanh >l v —
“FP1Vs

Fr1= —1.28 agree favorably with the experimental measure- (5.3
ments.

Bonnecazeet al*? performed experiments on the axi- Hence we plot the experimental data in terms of the follow-
symmetric propagation of particle-laden fluid through a nondng new dimensionless variables:
rotating, fresh water ambient. Their experiments were con- g)ayee| -~ Vg, Y3 12
ducted in radial sector tanks. Measured quantities of silicon szrN(ﬂ) , szt(wz—)
carbide particles were suspended in water and released from P1¥s
behind a lock gate at the apex of the sector tank. The paie observe from Fig. 11 that this scaling has collapsed the
ticles have a density of 3.2 g cand those with an average experimental data. Furthermore the theoretical predictions
diameter of either 23 or 3gm were employed in their study. using the valuesa=2.43 andFp;= —8.42 agree favorably
Two radial sector tanks were employed with half-angles ofwith the experimental measurements.
4° and 5°. The radial extent of the intruding suspension as a We emphasize that there are no free parameters in this
function of time was measured for a range of initial concen-model other than the Froude number at the front, which has
tration of suspended particles and initial volunisse Table been empirically determined by experiments within a nonro-
I1). On the assumption that the radial boundaries of the sectdating channet® There are a number of ways in which the

(5.9

TABLE II. The initial conditions of the axisymmetric lock-release gravity currents, driven by a suspension of
particles in a nonrotating environme(@ifter Ref. 12. The depth of the ambient fluid is equal to the initial depth
of the lock (). These experiments were performed in a sector tank of ahgle

0 \% ho bo 9 Vs B
Experiment ©) (cm’) (cm) (X1073) (cms? (cms™?) (X1073)
Vi 8 1585 14 1.92 41.8 0.123 3.9
V5 8 1585 14 0.97 21.1 0.056 2.5
V6 8 1585 14 1.92 41.8 0.056 1.8
V10 8 777 14 1.92 41.8 0.123 2.7
Vi1l 8 777 14 0.97 21.1 0.123 3.8
V12 8 777 14 0.49 10.6 0.123 5.4
V13 10 1167 15 0.87 18.9 0.123 4.3
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