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Limiting conditions for salt-fingering at an interface
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Abstract—Conditions for which salt fingers can be formed at the interface between hot, salty water
above colder, fresher water are investigated both experimentally and theoretically. For experimental
convenience, two solutes of different diffusivities, rather than heat and salt, were used. It is shown
that an infinitesimal instability will occur and develop into a finite amplitude salt finger field provided
that Ry <74V 7. Here R, is the ratio of the increment in specific gravity due to the temperature
difference across the interface to that due to the salinity difference and , is the ratio of the diffusivity
of heat to that of salt. For oceanic constituents v,+/7, ~ 700 while typical values of R, are very much
less than this. There is thus sufficient potential energy stored in the salt field to form salt fingers in all
parts of the ocean where hot, salty water overlies colder, fresher water.

INTRODUCTION

SALT FINGERING at the interface between a hot, salty layer and a lower cold, fresh layer
of greater density has been subject to a number of experimental and theoretical studies.
These studies have been partly stimulated by several oceanographic observations in
which salt fingering is believed to play the major role in the creation and maintenance
of the observed temperature and salinity structure. The measurements of TAiT and
Howe (1968, 1971) and Howe and TA1T (1970) in the Northeast Atlantic, for example,
indicated the existence of extensive series of statically stable layers of fairly uniform
temperature and salinity at depths between 1200 and 1800 m. These layers were
separated by much thinner, horizontal interfaces, across which there were large tem-
perature and salinity gradients in the sense required for the salt-finger mechanism to
be operative. However, salt fingers have not actually been observed here, or elsewhere
in the ocean, probably because appropriate instruments have not yet been developed.
It seems fairly certain though, that salt fingers were present at the interfaces observed
by Tait and Howe, and that they occur in many other oceanographic situations, not
only those for which °stepped ’ structures are the distinguishing feature.

Laboratory modelling of some of the observed structures using either heat and
salt (TURNER, 1967) or two other stratifying components of different molecular
diffusivities (STERN and TURNER, 1969, for example) has helped considerably in
understanding some of the physical processes involved. In particular, the study of a
single interface separating deep layers of hot salty water over cold fresh water has
received much attention, both theoretical and experimental. TURNER (1973) discusses
this work in greater detail.

For the purposes of this paper, the salt finger phenomenon may be illustrated by
considering the following simple experiment. If a layer of hot, salty water is carefully
poured on top of a layer of colder, fresher water of greater density, the fluid organises
itself to form tall, thin celis, or fingers, at the interface. These fingers owe their exis-
tence to the capacity of descending elements to diffuse their heat horizontally more
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rapidly than their salinity [k; > kg, where kr(ks) is the diffusivity of heat (salt) in
water]. They thus become heavier than their surroundings and continue to descend.
These motions occur even without the large diffusivity ratio, say t. = xq/ks, charac-
teristic of a heat-salt system, for which 7. ~ 80; similar motions can be seen using a
layer of NaCl solution over a layer of KCl solution, for example, for which 7. =~ 1-3.

A full theoretical description of the motions within the interface of such an experi-
ment has not yet been obtained. On the other hand, it is perhaps the ease with which
fingers can be produced in the laboratory that has resulted in a failure to consider the
circumstances under which fingers can not be formed. In this paper we address our-
selves to this problem and ask: can a hot, salty layer above a cold, fresh layer be so hot
that fingering will not occur? Or, alternatively, is it possible for the upper layer not to
be sufficiently salty for fingering to exist? We report here a series of experiments
designed to answer these questions, give a theoretical explanation of the results, and
then discuss the oceanographic relevances of such limiting conditions for fingering at
an interface.

Rather than using heat as one of the stratifying components with the concomitant
problems of heat loss through the sides of the apparatus, we conducted our experi-
ments using solutions of salt, cane sugar and Epsom-salts.* This permitted three
different combinations of components to be used with values of 7. approximately 1-4,
2-1 and 2-9. Labelling the solution of larger (smailer) diffusivity as the T(S) solution,
we performed a series of experiments in which an S solution was poured over a more
dense T solution. The experiments showed that fingering could not exist for suffici-
ently large values of the stability ratio R, = «AT/SAS, where «AT (BAS) is the incre-
ment of the original specific gravity of the 7°(S) solution over that of fresh water. From
the results, presented in Fig. 1, the limit of fingering is seen to be consistent with
R, =t/14.

After presenting the details of the experiments in the next section, we explain the
results by calculating the effects of diffusion on an originally sharp interface. Diffusion
of both components produces a T and S distribution to which we apply previously
obtained results on infinitesimal instability. We next show, using a simple model for
finite amplitude fingering, that the conditions which allow infinitesimal disturbances
to grow will also permit finite amplitude motions.

THE EXPERIMENTS

A total of 42 experiments was performed in two identical, rectangular, perspex
containers of internal dimensions 5:0 x 15-2 x 12-0 cm high. To preclude the occur-
rence of thermal effects all T and S solutions used were prepared at room temperature
(ca. 20°C) and were within 1C° of each other. In order to determine the specific
gravity of each solution, the refractive index was measured by a temperature compen-
sating hand refractometert and this reading converted to specific gravity using the
tables in WEeast (1971), by fitting a linear least squares interpolation through the
tabulated data in the vicinity of the measured refractive index. For each experiment

*Some exploratory experiments were also performed involving solutions of HCI and KCl. How-
ever, the large heats of dilution, positive for HCI and negative for KCl, introduced an unwanted third

component, keat. These experiments were therefore not considered further.
+American Optical Co. T/C Refractometer Type 10419.
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400 cm? of the T solution were poured into one of the containers and a 4 ¢cm thick foam
strip, presoaked in the S solution, was gently placed on to the surface of the T
solution. Then 400 cm? of the S solution were carefully fed evenly over the surface of
the float. Upon completion of this filling process, requiring some 10 minutes, the float
was left in position to act as a lid.

Visualisation of the filling process and subsequent motion was by means of a
shadowgraph, relying on the different refractive indices of the two solutions. The
interface region, defined as the region of large refractive index—and hence density—
gradients, was observed to be practically undisturbed by the method of filling, and by
the time the filling process was completed was generally less than 2 mm thick. This
thickness was seen gradually to increase with time owing to the effects of diffusion. In
a number of experiments this is all that was seen. In the remainder, the presence of
fingers was also visible over at least half of the interface length. A majority of the inter-
faces which produced fingers did so within 10 minutes of completion of filling, though
all experiments were continued for at least 30 minutes. If there was any doubt whether
fingers were present or not, this was extended to 60 minutes, although no experiment
changed its character in this time.

The results of the separate experiments with salt and sugar, Epsom-salts and sugar,
and salt and Epsom-salts are shown in Fig. 1. The symbol @ is used to signify fingering
along the whole interface length, O to signify fingering, generally in clumps, along
most of the interface, and x to signify no evident motion other than the diffusive
spreading of the interface. We interpret only the points marked with an x as indicat-
ing that fingering is impossible under the stated conditions. Also marked in Fig. 1 is
the value at which R, equals 7../7., where the several diffusivities were estimated as
follows. The diffusivity of a solute was assumed independent of the presence of the
other solute although this is known not to be strictly true.* For the sugar and salt
solutions, the diffusivities were taken from GOSTING and MORRIS (1949) and STOKES
(1950), respectively, for a solution concentration equal to a half that originally meas-
ured—that is, equal to the mean value expected in the interface region. For the Epsom-
salts solutions, no tabulation of its diffusivity as a function of concentration in the
appropriate range could be found (diffusivities at concentrations of approximately
0-09 mole/l. were required), so the value determined by HARNED and HupsoN (1951)
at the highest concentration they investigated (0-006 mole/l.) was used. Finally, all the
values, tabulated at 25°C, were corrected for use at 20°C by applying the formula

Kao = 0:874 iys, (Ot

where x,, (k,5) signifies the diffusivity at 20°C (25°C). This procedure led to the
approximate values of 1:3 x 107>, 045 x 107> and 0:61 x 1073 cm? sec™! for the
diffusivities of the salt, sugar and Epsom-salts solutions, respectively. They are thought
to be correct to within 459 for the actual conditions of the experiments. This gives
an uncertainty for 7. /7. of £15%.

*See REINFELDS and GoOSTING (1964) for some details of the manner in which sugar and KCl
interact in aqueous solution, and STokes and StokEes (1956) for the modification to the diffusion of
electrolytes including NaCl in sucrose solutions. Unfortunately, these studies are not directly applic-
able to the systems studied in the present paper.

tSpecifically, w20 = (A20/A25)(n25/m20)k25, the Stokes-Einstein equation (see, for example,
GosTING and MORRIS, 1949), where A is the temperature in degrees absolute, » the dynamic viscosity
of water, and the subscript indicates the relevant temperature in degrees C.
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Fig. 1. The results of the experiments with solutions of: (a) sugar oversalt (t, ~ 2:9); (b) Epsom-salts
over salt (ty ~ 2-1); and (c) sugar over Epsom-salts (7, ~ 1-4). The symbol @ signifies that fingers
were seen along the whole interface, O signifies that fingers were seen along most of the interface and
% signifies no fingers were seen. The vertical error bars refer to measurements of 8AS and the horizon-

It appears from the separate results that 7../t. represents a good measure for the
limit of fingering: for R, > 7../1. fingering cannot occur at an interface. This result
appears not to be as accurate for the salt, Epsom-salts experiment, for which it is
thought that the use of two electrolytes and the accompanying presence of free ions on
both sides of the interface played a part in the process of diffusion. A theoretical

o

tal error bars to measurements of R, = «AT/BAS.

explanation for the value 7, \/7. is presented in the next section.
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THEORETICAL EXPLANATION
Infinitesimal analysis

The instability of a fluid in which there are two components of different molecular
diffusivities with opposing, linear concentration gradients has been studied by,
amongst others, STERN (1960) and Baines and GiLL (1969). Part of their analysis
concentrated on the situation for which, with z directed vertically upwards, —d7/dz
and dS/dz were both positive and constant. They proved then that instability to an
infinitesimal disturbance between two stress-free, horizontal planes of separation A,
conducting to both 7 and S can occur only if

27
T+ Rs > Ry + ) n*, 2)
where
daT
Ry = —agh* — / (krv) >0, 3)
dz
ds
Rs = Bt S [ ey >0, @
z

g is the gravitational acceleration and v the kinematic viscosity of the fluid. If both Ry
and 1. Ry are very much larger than 277*/4, the second term on the right-hand side of
(2) may be neglected and, using (3) and (4), the condition for instability can be written
as

T
E——ocd—/ﬂd—s<r.. (5a,b)

This analysis for infinitesimal instability may be applied to interpret our experi-
ments after the diffusive spreading of the interface has been considered. Placing the
origin of co-ordinates at the initial position of the interface, we can write the initial 7
and S distributions as

{T, S} = {AT, 0} (-H<z<0) (6a)

= {0, AS} (0 <z<H)* (6b)

where H represents the depth of each layer. After a time ¢, the 7 and S distributions
are
{T, S} = {JAT erfelz/(kr 1)'/%], 3AS erfe[— bz/(xs )" 21}, Y

where we have set H = oo, concentrating on values of z and ¢ sufficiently small that the
influence of the horizontal boundaries can be neglected. Differentiating (7), we find
that

G =t 'R, expliz’t (ks — k] 8)

which has a minimum value at z = 0 equal to 7.7 "/?R,. We now use this value in (5b)
to determine the maximum value of R, for which instability can occur. We do this even
though the conditions for which (5b) has been derived are not exactly those of our

*The analysis can be generalised to allow for an initial interfacial structure of thickness 3, say.
The final results are unchanged, however, if the diffusive spreading takes place for a time much larger
than A82(ks ! — kr 1), where A is a constant dependent on the initial structure. Our experiments
were run for a time sufficient to satisfy this requirement for values of 4 corresponding to reasonable
initial conditions.
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experiments, for which a direct analysis would be far more difficult than the present
context warrants. However, we anticipate that (5b) would not be very much altered by
such analysis. With this procedure we conclude that instability can occur only if

R, <Te/Tu. 9

Two of the assumptions involved in the determination of (9)—the setting of H equal
to infinity and the neglect of 277*/4 with respect to Ry and t. Rg—can be justified for
our experiments. The former assumption requires the interface thickness to be very
much less than H and the time 7 to be very much less than H?/k;. Both of these
requirements were easily satisfied. To evaluate R; and 7. Rg we substitute into (4)
and (5) the representative values (in cgs units) g ~ 10°, —ad7/dz ~ dS/dz ~ 1071,
kg~ Kg~ 107>, v~ 1072 and h ~ 0-2 (an underestimate of the interfacial thickness
when fingering occurred) to obtain Ry ~ 7. Rg ~ 10°, which is much larger than
27n*/4.

Finite amplitude analysis

Condition (9) has been determined by using (5b), valid for infinitesimal disturb-
ances. It will be shown below that the simplest conceivable mode for finite amplitude
fingers leads to a condition analogous to (5b), viz.

dT / d§
—O(E/Ba;<‘h, (10)

where an overbar represents a horizontal average. Equations (5b) and (10) taken
together suggest that (9) not only permits an infinitesimal instability to exist but also
permits subsequent finite amplitude motion to persist (for some time, at least).

The major assumptions involved in our model are that we take the fingers to be
steady and the velocity to be entirely vertical. Continuity then requires the vertical
velocity, say w, to be a function of x and y only and the horizontal momentum equa-
tions require the pressure to be a function of z only. With the Boussinesq approxima-
tion the vertical momentum equation then becomes

1d
— L e+ T+ pS) + W, P, ), )
po dz
where the density
p = po(l +oT + BS) (12)
and
0* 0*
Iz — . 1
\£ 2 pIE (13)
It hence follows that o7 + .S must be of the form
aT + BS = f2) + h(x, y), (14)

for some f(z) and A(x, y). We now extend (14) and assume that o7 and fS can be
expressed individually as functions only of z plus functions only of x and y: in
particular,

aT = fr(2) + hr(x, y) (15)

BS =15(2) + hs(x, ¥), (16)

and
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where /i and hg are defined such that i = ig = 0. Introducing (15) and (16) into the
equations for the conservation of T and .S, we obtain

2
w(x, ;>ﬁ= - [dff Vi, n] (n
and
df, d3fs
0 ) L = s |5+ s (1s)

Since continuity requires w = 0, taking the horizontal average of (17) and (18) and
integrating shows that

dr and s

dz R az s (19, b)

where y; and 7 are constants, Subtracting (11) from its horizontal average and sub-
stituting (15) and (16) into the result, we obtain

0= g[hT(x9 y) + hS(x9 = VV%"V’ (20)
while substitution of (19) into (17) and (18) yields

YrW=Kr V%hT(X, ») (21)
and

YsW = Kg Vihs(x, ). (22)
The system (20) to (22) is now linear and has solutions of the form

[W(x, y)9 hT(-x5 y)9 hS(x7 y)] = [Wa HT) HS]COS mx Cos my (23)
Substituting (23) into (20) to (22), we find that

(m* + n?)? = (YT + y—s) . (24)
v Ky Ky

For a solution to be possible the right-hand side of (24) must be positive, that is (with
y negative)

—Vr/vs <7Ts, (25)

which in terms of the original T and S fields can be written as

—oz——/ﬁ——<r., (20)

although with the representation (15) and (16) for the 7" and S fields the overbars in
(26) may be omitted.

Conditions (5b) and (26), although so similar in appearance, are not derivable one
from the other. The former is valid for an infinitesimal disturbance with a specific,
z-dependent vertical velocity and predicts the conditions for which the onset of in-
stability is possible. The latter arises from attempting to model finite amplitude fingers
well away from either of their ends and determines an upper limit on the ratio of the
vertical gradients within the finger field. And this same upper limit holds for the initial
onset of instability. This suggests that as long as the ends of the fingers have no
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significant effect on their existence, an instability once established will persist to finite
amplitude, although the T and S fields may be thereby modified.

Condition (26) can be written in an alternative form incorporating the mean 7 and
S buoyancy fluxes

Fr = poanT = po W Hy (27a,b)
and
Fs = poBwS = 3poWHs, (28a.b)
and the flux ratiot
Rp= —Fp/Fs= — Hy/Hs. (29a,b)
Dividing (21) by (22) after substituting (23) into each, we obtain
Ry = —y7/(teys). (30)

Then upon substitution of (25) into (30), the condition for the existence of finite
amplitude fingers becomes
Rp<1. 3

Since Ry represents the ratio of the potential energy gained by the T field to that
released by the S field, it must be less than unity, the deviation from unity being the
proportion of released energy that is dissipated by viscosity. Equation (31) thus states
that the limiting condition for the formation of salt fingers at an interface occurs when
all the potential energy released by one component is taken up by the other.

CONCLUSIONS

In the ocean, where heat and salt are the two components, 7. ~ 80 and hence
T+ /T« = 700. Extrapolating our experimental and theoretical results on the basis that
both the thermal and saline Rayleigh numbers are much larger than 277*/4, we con-
clude that stability ratios less than 700 will lead to salt fingering. Taking o ~ 10~ 4/C°
and f ~ 7 x 10*/%,, we hence calculate that salt fingering at an interface is possible
when the salinity difference exceeds 2 x 10749, per C° temperature difference.

Oceanic values of R, are around 1; for Tait and Howe’s measurements, for
example, R, >~ 1:2. Thus the condition R, < 7./t~ 700 should be satisfied in all
parts of the ocean where hot, salty water overlies colder, fresher water.
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